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Abstract6

New proof nets for second-order intuitionistic logic are introduced with a simple correctness cri-7

terion inspired by Lamarche’s criterion for essential nets for propositional intuitionistic linear logic.8

Polynomial-time translation algorithms between sequent proofs and proof nets are provided. The9

proof equivalence induced by these proof nets is analyzed in comparison with rules permutations of10

the sequent calculus. A notion of canonical proof net is introduced, by which modularity is improved.11
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1 Introduction15

System F (or second-order lambda calculus), introduced by Girard in [16, 17] and independ-16

ently by Reynolds [47], extends the simply-typed 𝜆-calculus with second-order quantification.17

The proof of strong normalization for System F highlighted the need of careful attention18

on the role structural rules in the proof of cut-elimination for second-order intuitionistic19

logic. This led Girard to introduce linear logic [18], a substructural logic where resources are20

controlled via the use of exponential modalities allowing for a finer analysis of the role of21

structural rules in cut-elimination. Proof nets [18] were then introduced as a graph-based22

syntax for proofs in linear logic, capable of identifying proofs modulo inessential rules per-23

mutations, providing a formalism for proofs getting rid of the syntactic bureaucracy of sequent24

calculus proofs, analogously to what natural deduction does for intuitionistic logic. More25

precisely, proof nets identify sequent calculus proofs modulo the permutations of rules that26

are necessary to define cut-elimination steps as local rewriting steps on proofs, and allow27

recovering convergence of cut-elimination.28

Since then, literature of proof nets has largely remained internal to linear logic [18, 12,29

45, 46, 34, 8, 21, 22, 31, 40, 25, 29, 32, 26, 13], with rare works non-commutative logic with30

similar ‘linear’ flavors [48, 43, 39, 1, 44, 49] or classical logic [23]. However, at the time of31

writing, no proof net syntax has been proposed for intuitionistic logic without relying on32

encodings in linear logic, and, in particular, on the use of the exponential modalities to model33

structural rules [38, 37, 2, 3]. Furthermore, the literature on proof nets for second-order logic34

(e.g., [19, 20, 40, 50, 52, 41, 42]) mostly focusses on the multiplicative fragment, and the35

correctness criteria clearly struggle with the non-local dependencies between rules introduced36

by quantifiers, requiring the use of additional structures (e.g., jumps) to keep track of the37

dependencies between quantifiers rules in the proof net.38

The research leading to this work originated from the question of whether it is possible39

to define a direct presentation of proof nets for propositional intuitionistic logic, with40

a topological correctness criterion reminiscent of the one by Danos and Regnier [12] for41

multiplicative linear logic, that is, formulated in terms of paths in the so-called tests of a42

proof net. Specifically, we were interested whether such criterion could be defined using43

a single test as in the criterion given by Lamarche [34] for essential nets for propositional44
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23:2 Proof Nets for Second Order Intuitionistic Logic

AX W AX AX

𝑋• 𝑉• 𝑉• 𝑋◦ 𝑉◦ 𝑋• 𝑋◦

→◦ →•

∀•𝑍 ∀•𝑍 𝑉 → 𝑋◦ 𝑉 → 𝑋•

∀𝑍.𝑍• ∀𝑍.𝑍• →•

C (𝑉 → 𝑋) → (𝑉 → 𝑋)• ∀◦𝑋

∀•𝑌

∀𝑍.𝑍• ∀𝑌 .(𝑌 → 𝑌 )• ∀𝑋.𝑋◦

𝑌1𝑌2

𝑍1𝑍3

Figure 1 A proof net where edges are oriented as in the test used by the correctness criterion.
Gray boxes delimit portions of the proof net on a formula instantiated by the substitution used by a
∀•-rule; their white tags keep track of the substituted (occurrence of) variable, and they are connected
by the dotted edges to the ∀•-gates corresponding to the ∀•-rules performing the substitution.

intuitionistic linear logic, and whether such ’single-test’ approach could be extended to45

second-order in this intuitionistic setting.46

Contribution of the paper. We define proof nets for the (disjonction-free) fragment of47

second-order intuitionistic logic that underlies the typing discipline for System F without48

relying on encodings in linear logic. We provide a simple correctness criterion for these nets49

inspired by Lamarche’s criterion for essential nets for propositional intuitionistic linear logic50

[34], where the correctness criterion is defined in terms of paths in a single graph constructed51

from the proof net. For this purpose, we make use of input/output polarities as in [38, 34, 2]52

(not to be confused with the ones in [36, 37, 3]) providing an intuitive way to orient the53

edges in the test of a proof net, drastically restricting the search space of paths to be checked54

for correctness. See Figure 1 for an example of a proof net.55

We also discuss the proof equivalence induced by our proof nets, and we introduce a finer56

notion of canonical proof net to guarantee with better modularity properties (on derivations)57

with respect to general proof nets, and to prove a full local canonicity result.58

The two main challenges in defining a correctness criterion for proof nets for second-order59

intuitionistic logic are the following:60

Jumps are not needed in intuitionistic logic because of the different properties of its proof61

equivalence. However, they are strictly necessary in Lamarche’s criterion to keep track62

of the dependencies of weakening rules and to ensure the connectedness condition. We63

identify a simple condition that allows us to avoid jumps by exploiting the fact that the64

sequent-calculus transformation known as excising (see Figure 7) allows us to replaces65

entire subproofs with weakenings in specific contexts. These weakenings then become the66

only components of the test that are not connected to the part of the net corresponding67

to the consequent of the sequent.68

Quantifiers introduce non-local dependencies between rules in proof nets, needed to ensure69

the substitutions required in the proof respect the side condition of the sequent calculus70

rules. These dependencies are typically dealt with some sort of jumps connecting the71

quantifiers related by some dependencies, thus increasing the number of graphs which need72

to be checked by the correctness criterion. Our approach allows us to keep the correctness73

criterion simple, only requiring to construct a single graph to check the correctness of a74
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proof net.75

Why proof nets for intuitionistic logic? A legit question is why one should consider76

proof nets for intuitionistic logic, considering that natural deduction already provides a good77

account of proofs in intuitionistic logic.78

A first reason, is the fact that the notion of proof equivalence induced by natural deduction79

may be considered too coarse, and that a finer notion of proof equivalence may be desirable:80

there are sequent calculus proofs differing by an exponential factor that are identified by a81

same natural deduction derivation. This because natural deduction not only identifies proofs82

differing for those local rule permutations that are necessary to deal with the aforementioned83

commutative cut-elimination steps, but also some non-local rule permutations. Those non-84

local rule permutations (see Remark 27) duplicate entire subproofs, leading to the exponential85

blow-up in the size of proofs identified by natural deduction, and which are not necessary to86

properly define cut-elimination steps as local rewriting steps. In this regard, combinatorial87

proofs [51] for propositional intuitionistic logic have shown to provide a finer account of88

proof equivalence for (cut-free) proofs modulo local rules permutations only, preventing the89

exponential blow-up of the size of proofs identified by natural deduction1, but this syntax90

relies on a decomposition result of proofs into a linear and a structural part, which is not91

possible in the second-order case because of the presence of second-order quantification92

interacting with both the linear and the structural part of proofs.93

A second reason is that the theory of proof nets is interested in the topological charac-94

terization of proofs as special families of graphs naturally constructed from the syntax of95

proofs, and in the study of the properties of those graphs. In [54, 7, 24, 15] this takes form96

of a topological characterization of the proof in natural deduction, and in [51] it requires a97

separation result that may seem as a partial result in this direction. In presence of second-98

order quantification, the topological characterization of proofs deals with more complex99

dependencies, and finding a simple correctness criterion for proof nets for second-order logic100

is not at all a trivial extension of the propositional case, and it is interesting in its own right.101

Further requiring a single graph to be checked for correctness, as in Lamarche’s criterion, is102

even more challenging.103

Structure of the paper. In Section 2 we recall some basic definitions and notations104

that will be used throughout the paper. In Section 3 we define (cut-free) proof nets, in105

Section 4 we give their correctness criterion and the sequentialization procedure. In Section 5106

we discuss the proof equivalence induced by proof nets, and we define canonical proof nets,107

allowing for a stronger and modular notion of proof equivalence. Finally, in Section 6 we108

conclude by showing how to include the cut rule in our syntax, and we discuss future work.109

Due to space limitations, some proofs are only sketched in the body of the paper, but their110

detailed version can be found in the appendix.111

2 Background112

In this section, we recall some definitions and the notation we adopted in the paper.113

2.1 Graphs114

In this paper, we use the following notation for (undirected labeled simple) graphs.115

1 As a consequence of Section 5, the proof equivalence induced by our canonical proof nets for the
propositional fragment is the same as the one induced by combinatorial proofs.

CVIT 2016



23:4 Proof Nets for Second Order Intuitionistic Logic

▶ Definition 1. A (labeled) graph is a triple G = ⟨𝑉G , ñG , ℓG⟩ made of:116

a set 𝑉G of vertices;117

a set ñG of edges of the form 𝑣𝑤 with source 𝑣 and target 𝑤 distinct vertices in 𝑉G;118

ℓG is a labeling function 𝑉G ↦→ S assigning a label to each vertex.119

We may write 𝑣ñ𝑤 if 𝑣𝑤 ∈ ñG and we say that two vertices 𝑢 and 𝑣 are adjacent if120

𝑢ñ𝑣 or 𝑣ñ𝑢. A graph is bipartite if the set of vertices can be partitioned into two (disjoint)121

sets such that no two vertices in the same set are adjacent. A root of G is a vertex such that122

𝑣𝑤 is not in ñ for any 𝑤 ∈ 𝑉G2. We denote by ℜG the set of roots of G.123

The subgraph induced by a set of vertices 𝑉G′ ⊆ 𝑉G has vertices 𝑉G′ , edges those in ñG124

connecting vertices in 𝑉G′ , and labeling function the restriction of ℓG to 𝑉G′ .125

A path p of length 𝑛 = |p| in G from 𝑢 to 𝑣 is a sequence of vertices p0 · · · p𝑛 such that126

p0 = 𝑢 and p𝑛 = 𝑣, and such that p𝑖ñp𝑖+1 for all 𝑖 ∈ {0, . . . , 𝑛 − 1}. A cycle is a path p with127

length 𝑛 > 0 such that p0 = p𝑛. A directed acyclic graph is a graph containing no cycle.128

2.2 Second order Intuitionistic Logic129

We consider formulas generated by a countable set of propositional atoms X = {𝑋,𝑌, 𝑍, . . . } ,130

the binary connectives for implication (→) and conjunction (∧), and by the universal131

quantifier (∀) using the following grammar:132

𝐴, 𝐵 ::= 𝑋 | 𝐴 ∧ 𝐵 | 𝐴→ 𝐵 | ∀𝑋.𝐴 𝑋 ∈ X (1)133

The set of free variables of a formula 𝐴 as the set FV(𝐴) of propositional variables in 𝐴134

not bound by a ∀-quantifier.135

▶ Notation 2. In this work, it is of crucial importance to distinguish different occurrences of136

the same variable in a formula. To avoid confusion, we may annotate different occurrences of137

the same formula 𝐴 with indices (e.g., 𝐴1, 𝐴2) to distinguish them, while using pedicles to138

denote different formulas (e.g., 𝐴1, 𝐴2). For example, in the formula (𝑋1 ∧ 𝑋1
2 ) → (𝑋2

2 ∧ 𝑌 )139

we have four different occurrences of propositional variables: one occurrence of 𝑋1, one140

occurrence of 𝑌 , and two distinct occurrences of 𝑋2.141

A sequent Γ ⊢ 𝐴 is a set of occurrences of formulas Γ, called context, and a formula 𝐴.142

From now on, we assume sequents to be clean, that is such that no variable occurs both143

free and bound it. The parity of a sub-formula, a connective, or a quantifier occurring in a144

sequent is the parity of the number times it occurs in the left of a → and ⊢ in the parse tree145

of the sequent. We write 𝑥◦ (resp. 𝑥•) to denote that the parity of 𝑥 is even (resp. odd).146

A substitution 𝜎 = {𝑋1 ←� 𝐴1, . . . , 𝑋𝑛 ←� 𝐴𝑛} is a partial map with (finite) domain147

{𝑋1, . . . , 𝑋𝑛} ⊂ X and codomain the set of formulas. The formula 𝐵𝜎 is the formula obtained148

by simultaneously substituting each occurrence of 𝑋𝑖 in 𝐵 with the formula 𝐴𝑖 for each149

𝑖 ∈ {1, . . . , 𝑛}. As standard, we assume that bound variables are renamed to avoid capture of150

free variables by the substitution.151

In Figure 2 we recall the rules of the sequent calculus LJ2 for second order intuitionistic152

logic3. A formula occurrence is active (resp. principal) for a rule application if it occurs153

2 The use of the word root for vertices with no outgoing edges is justified by the fact that the ‘forest-like’
graphs we consider in this paper (proof nets and strategies) have edges oriented from premises to
conclusions.

3 Note that cleanness is bottom-up preserved by rules. However, if we read the rules top-down, we have
to assume formulas to be identified up to 𝛼-equivalence to ensure cleanness to be preserved by binary
rules.
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AX −−−−−−−−
𝐴 ⊢ 𝐴

Γ, 𝐴, 𝐵 ⊢ 𝐶
∧• −−−−−−−−−−−−−−−−−−−

Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶
Γ, 𝐴 ⊢ 𝐵

→◦ −−−−−−−−−−−−−−−−−
Γ ⊢ 𝐴→ 𝐵

Γ ⊢ 𝐴 Δ ⊢ 𝐵
∧◦ −−−−−−−−−−−−−−−−−−−−−

Γ,Δ ⊢ 𝐴 ∧ 𝐵

Γ ⊢ 𝐴 𝐵,Δ ⊢ 𝐶
→• −−−−−−−−−−−−−−−−−−−−−−−−−

Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

Γ, 𝐴 {𝑋 ←� 𝐵} ⊢ 𝐶
∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ,∀𝑋.𝐴 ⊢ 𝐶
Γ, ⊢ 𝐴

∀◦ −−−−−−−−−−−−−− 𝑋 ∉ FV(Γ)
Γ ⊢ ∀𝑋.𝐴

Γ, 𝐴, 𝐴 ⊢ 𝐶
C −−−−−−−−−−−−−−−−−

Γ, 𝐴 ⊢ 𝐶
Γ ⊢ 𝐶

W −−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

Figure 2 Sequent rules for LJ2.

AX

𝐴• 𝐴◦

𝐴• 𝐵◦

→◦

𝐴→ 𝐵◦

𝐴◦ 𝐵◦

∧◦

𝐴 ∧ 𝐵◦

𝐴◦ 𝐵•

→•

𝐴→ 𝐵•

𝐴• 𝐵•

∧•

𝐴 ∧ 𝐵•

𝐴◦

∀◦𝑋

∀𝑋.𝐴◦

𝐴•

∀•𝑋

∀𝑋.𝐴•

W

𝐴•

𝐴• · · · 𝐴•

C

𝐴•

Figure 3 Local configuration of gates. A C-gate can have any positive number of premises.

in one of its premises (resp. in its conclusion) but not in its conclusion (resp. none of its154

premises). We may denote by
Γ′ ⊢ 𝐴′

r =============

Γ ⊢ 𝐴
a bottom-up sequence of applications of the same155

rule r from the sequent Γ ⊢ 𝐴 to the sequent Γ′ ⊢ 𝐴′.156

3 Proof Nets for LJ2157

Proof nets are a graph-based syntax for proofs in linear logic, introduced by Girard [18] to158

abstract away from syntactic bureaucracy of sequent calculus proofs. The main idea is to159

replace inference rules in the sequent calculus with vertices of a graph, called gates, keeping160

track only of the dependencies between the active and principal formulas of the rules. In161

presence of quantifiers, the syntax of proof nets is usually enriched with additional edges to162

keep track of the binding relations of formulas in the proof net (see, e.g.,[19, 20, 40, 50, 42]).163

We here use the same approach, by enriching the label of vertices corresponding to quantifier164

rules with the variable they bind. Moreover, as in other works on proof nets for intuitionistic165

linear logic (see, e.g., [34, 37, 2, 14]), we also use polarization to keep track of the parity of166

formulas in the sequent, which is crucial for the definition of the correctness criterion in the167

next section.168

▶ Definition 3. A pre-net is a bipartite graph with set of vertices partitioned into:169

wires labeled by polarized formulas, that is, formulas annotated with a polarity in170

{◦, •} in the set {𝐴◦, 𝐴• | 𝐴 is a formula}171

gates labeled by the rules of LJ2, where the rules for the quantifiers are additionally172

indexed by the variable they bind. That is, gates have labels in {AX,∧•,∧◦,→•,→◦,C,W}∪173

{∀◦𝑋,∀•𝑋 | 𝑋 ∈ X}174

such that a gate and its adjacent vertices induce graphs as the ones in Figure 3.175

We say that a vertex 𝑣 in a pre-net is below another vertex 𝑤 (resp. 𝑤 is above 𝑣) if176

there is a path from 𝑤 to 𝑣. A gate 𝔤 is called a r-gate if its label is r; its premises (resp.177

conclusion) are those vertices which are source (resp. target) of an edge connected to the178

gate. A conclusion gate is a gate with no gate below it; its conclusion is a ◦-root or a179

•-root according to whether it conclusion has label 𝐴◦ (resp. 𝐴•). A leaf is a wire which is180

the conclusion of an AX- or W-gate, or no gate at all. An eigenleaf of a ∀◦𝑋-gate 𝔤 is a leaf181

above 𝔤 with label 𝑋◦. Two leaves are linked if they are the conclusion of a same AX-gate.182

CVIT 2016



23:6 Proof Nets for Second Order Intuitionistic Logic

The parse tree of a formula 𝐴 can be naturally represented as a tree-like pre-net with183

leaves polarized variables, and internal nodes labeled by ‘polarized connectives’ and ‘polarized184

quantifiers’, that is, connectives and quantifiers labeled with ◦ (resp. •) if the parity of their185

occurrence in 𝐴 is even (resp. odd)4. Formally, this leads to the following definition.186

▶ Definition 4. The pre-net of a formula 𝐴 is the pre-net {{𝐴}} with wires the subformulas187

of 𝐴 labeled according to their parity, with gates the connectives and quantifiers of 𝐴 labeled188

according to their parity (and the bound variable for quantifiers), and edges connecting each189

formula to the gate of the main logical connective or quantifier, and from this to its immediate190

subformulas as shown in Figure 3.191

In presence of quantifiers, the encoding of derivations also needs to include additional192

edges, called pointers, to keep track of the dependencies between quantifiers and the variables193

they bind. Their need is due to the fact that the rules for quantifiers involve substitutions of194

sub-formulas which are not necessarily immediate sub-formulas of the conclusion, but rather195

can be any formula above the quantifier.196

Nets are defined as pre-net with pointers respecting some additional conditions, ensuring197

that the pointers are well-behaved with respect to the discipline of variable scoping and198

substitutions. In particular, we ask that pointers from a same ∀•𝑋-gate are (1) uniform, that199

is, their targets are labeled by the same formula (ignoring polarities), that (2) no variable200

can be both free and bound in a net, and that (3) no variable introduced by a substitution201

can be captured by the binding of another quantifier.202

▶ Definition 5. A pointer in a pre-net is an edge from a ∀•𝑋-gate to a vertex above it. Its203

tag is an occurrence of the variable 𝑋5. The reach of a pointer is the set of vertices that204

contains its target, and all the vertices above it that are not AX- or W-gates. The reach of a205

∀•𝑋-gate 𝔤 is the union of the reaches of all pointers with source 𝔤. A ∀◦𝑌 -gate is guarding206

a ∀•𝑋-gate if one of its eigenleaves is linked to a leaf in the reach of the ∀•𝑋-gate.207

A net is a pre-net provided with a set of pointers satisfying the following conditions:208

1. uniformity: all targets of pointers with the same source ∀•𝑋 are labeled by the same209

formula 𝐴 containing an occurrence of the variable 𝑋;210

2. cleanness: if there is a ∀◦𝑋-gate or a ∀•𝑋-gate, then no formula labeling a root can211

contain free occurrences of 𝑋;212

3. safeness: if the target 𝑤 of a pointer 𝑣𝑤 is within the range of another pointer, then its213

source 𝑣 must also be within the range of that pointer.214

In the propositional case, the proof net encoding a derivation is defined as the graph215

having a r-gate for each r-rule, connected to the wire encoding the principal and active216

formula of the rule similarly to how shown in Figure 3. However, the presence of quantifiers217

(and pointers) complicates the definition of an inductive translation. We define the translation218

from derivations to proof nets as the composition of two transformations: the first one,219

defined in Figure 4, defines a pre-net from a derivation, while the second one adds pointers220

to obtain a proof net.221

4 The notation for the inference rules has been chosen to match the label of the corresponding connective
or quantifier labeled according to its parity. For example, each even implication in a sequent can only
be introduced by a →◦-rule, and the corresponding gate in the proof net is labeled by →◦.

5 We assume each tag to be unique, that is, each is a different occurrence of the same variable. As a
convention, we will use even (resp. odd) number to index tags according to if the target is labeled by a
polarized formula 𝐴◦ (resp. 𝐴•).
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Pn
(
AX −−−−−−−−

𝐴 ⊢ 𝐴

)
=

AX

𝐴• 𝐴◦
Pn

©­­«
−

D1





Γ ⊢ 𝐶
W −−−−−−−−−−−−

𝐴, Γ ⊢ 𝐶

ª®®¬ = W

𝐴• Γ• 𝐶◦

Pn(D1 )Pn(D1 )

Pn
©­­«

−
D1





Γ, 𝐴 ⊢ 𝐵

→◦ −−−−−−−−−−−−−−−−−
Γ ⊢ 𝐴→ 𝐵

ª®®¬ =
𝐴• 𝐵◦

→◦

Γ• 𝐴→ 𝐵◦

Pn(D1 )Pn(D1 )

Pn
©­­«

−
D1





Γ, 𝐴1, 𝐴2 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

ª®®¬ =
𝐴•1 𝐴•2

∧•

Γ• 𝐴1 ∧ 𝐴•2 𝐶◦

Pn(D1 )Pn(D1 )

Pn
©­­«

−
D1





Γ, 𝐴 {𝑋 ←� 𝐵} ⊢ 𝐶

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ,∀𝑋.𝐴 ⊢ 𝐶

ª®®¬ =

𝐴 {𝑋 ←� 𝐵}•

∀•𝑋

Γ• ∀𝑋.𝐴• 𝐶◦

Pn(D1 )Pn(D1 )

Pn
©­­«

−
D1





Γ ⊢ 𝐴

∀◦ −−−−−−−−−−−−−−
Γ ⊢ ∀𝑋.𝐴

ª®®¬ =

𝐴◦

∀◦𝑋

Γ• ∀𝑋.𝐴◦

Pn(D1 )Pn(D1 )

Pn
©­­«

−
D1





Γ ⊢ 𝐴

−
D2





Δ ⊢ 𝐵

∧◦ −−−−−−−−−−−−−−−−−−−−−
Γ,Δ ⊢ 𝐴 ∧ 𝐵

ª®®¬ =
𝐴◦ 𝐵◦

∧◦

Γ• 𝐴 ∧ 𝐵◦ Δ•

Pn(D1 )Pn(D1 ) Pn(D2 )Pn(D2 )

Pn
©­­«

−
D1





Γ, 𝐴, 𝐵 ⊢ 𝐶

∧• −−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶

ª®®¬ =
𝐴• 𝐵•

∧•

Γ• 𝐴 ∧ 𝐵• 𝐶◦

Pn(D1 )Pn(D1 )

Pn
©­­«

−
D1





𝐴1, . . . 𝐴𝑛 ⊢ 𝐴

−
D2





𝐵,Δ ⊢ 𝐶

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝐴1, . . . 𝐴𝑛, 𝐴→ 𝐵,Δ ⊢ 𝐶

ª®®¬ =



𝐴◦ 𝐵•

→•

𝐴•1 · · · 𝐴•𝑛 𝐴→ 𝐵• Δ• 𝐶◦

Pn(D1 )Pn(D1 ) Pn(D2 )Pn(D2 )

if 𝐵• is connected to the ◦-root in the test

W · · · W W

𝐴•1 · · · 𝐴•𝑛 𝐴→ 𝐵• Δ• 𝐶◦

𝜋𝜋

otherwise

where 𝜋 is the pre-net obtained from Pn(D2) by removing the •-root 𝐵• and any vertex above it

Figure 4 Translation of LJ2 derivations to (non-canonical) nets.

Note that the translation from derivations to pre-net (Figure 4) requires a case analysis in222

the translation of the →•-rule, taking into account a special case to deal with the interaction223

of →•-rules with W-rules. In fact, the interaction of these two rules in intuitionistic logic,224

which we may refer to as weakening propagation, enforces a quotient of proofs which cannot225

be observed in linear logic due to the resource-sensitivity of this latter one, and it is a key226

factor on the simplicity of the correctness criterion for proof nets for intuitionistic logic. We227

comment more on this point in the following sections.228

▶ Definition 6 (Proof nets). Let D be a derivation in LJ2. The pre-net Pre(D) is the pre-net229

defined by induction on D using the translation in Figure 4. The proof net of D is the net230

Pn(D) obtained by adding to its underlying pre-net Pre(D) a pointer from each ∀•𝑋-gate231

to all vertices above it that correspond to the (root of the) formula obtained by substituting232

the variable 𝑋 bound by the quantifier.233

▶ Notation 7. When drawing proof nets, we encapsulate the reach of a pointer inside a gray234

area and we add the tag of the pointer as a white circle at its bottom as follows 𝑡𝑟𝑒𝑒
𝑋

to235
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AX

𝐴• 𝐴◦

𝐴• 𝐵◦

→◦

𝐴→ 𝐵◦

𝐴◦ 𝐵◦

∧◦

𝐴 ∧ 𝐵◦

𝐴◦ 𝐵•

→•

𝐴→ 𝐵•

𝐴• 𝐵•

∧•

𝐴 ∧ 𝐵•

𝐴◦

∀◦𝑋

∀𝑋.𝐴◦

𝐴•

∀•𝑋

∀𝑋.𝐴•

W

𝐴•

𝐴• · · · 𝐴•

C

𝐴•

Figure 5 Polarized orientation of the edges, where we highlighted those edges whose orientation
is flipped with respect to the original orientation in the nets. The left premise of the →◦ gate is
dotted because it is removed in the test of a net.

ease the visualization of the substitution of the variable 𝑋 bound by the quantifier. In this236

case, we use the tagging circle as source/target of the pointer and of any edge connecting the237

target of the pointer with a gate below it (see Figure 1). This notation is meant to visually238

keep track of the dependencies between quantifiers, the variables they bind, and the formula239

which may come from a substitution of a bound variable.240

4 Correctness Criterion241

In this section, we define a correctness criterion allowing us to decide whether a net is a242

proof net (i.e. a topological characterization of proof nets). As inspiration for our correctness243

criterion, we take Lamarche’s correctness criterion for his proof nets for intuitionistic linear244

logic [34], called essential nets: we define the polarized orientation of a pre-net by reversing245

the orientation of edges connected to 𝐴•-formulas (as done in [34, 37], but in the opposite246

direction).247

▶ Definition 8. The polarized orientation of a pre-net is the graph obtained by flipping the248

orientation of any edge with source or target a 𝐴•-formula. That is, the polarized orientation249

of a pre-net is the graph obtained by replacing each edge 𝑢𝑣, such that either 𝑢 or 𝑣 is labeled250

by a polarized formula 𝐴•, is replaced by the edge 𝑣𝑢 (see Figure 5).251

We then define the test of a pre-net in the same way as the graph used in [34] to define252

the correctness criterion, that is, as the graph obtained by removing from the polarized253

orientation of a pre-net the left premises d of →◦-gates, that is, the dotted edges in Figure 5.254

▶ Definition 9. The test of a net is the graph obtained by taking the polarized orientation of255

its underlying pre-net and removing the edge connecting each →◦-gate to its left premise.256

Note that tests of linear logic essential nets are always connected graphs. This property257

is ensured by the proper use of additional edges, called jumps, connecting W-gates to some258

other vertices of the proof net. Jumps have the drawback of making proof nets non-canonical259

(even modulo the usual commutative conversions), as they introduce additional dependencies260

between rules, jeopardizing canonicity (see the ‘disaster’ causing in proof equivalence in261

multiplicative linear logic [25]). However, the coarser proof equivalence of intuitionistic logic262

allows us to get rid of jumps by weakening the functionality condition of essential nets (which263

usually relies on the existence of a path from any →◦-gate to the ◦-root of the pre-net), and264

compensating this with a new condition, we call excising, which requires that every →•-gate265

admits a path to the ◦-root in the test.266

The intuition of why this trade-off works is related to the aforementioned excising267

interaction between weakening and→• (see Figure 6), connected to the weakening propagation268

we have in the proof translation. In linear logic, the rigid resource-sensitivity prevents such269

interaction, and is the reason why jumps are needed to ensure the connectivity of the test:270
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the information ‘after a jump’ cannot be ‘excised’, while in intuitionistic logic it can6. We271

discuss this issue in more detail in Section 5.272

▶ Definition 10. A net is correct if it satisfies the following conditions:273

1. one-sidedness: there is a unique ◦-root;274

2. acyclicity: the test is an acyclic graph;275

3. functionality: each →◦-gate is functional, that is, any path in the test reaching the276

◦-root from its left premise also contains its right premise;277

4. excising: each →•-gate is relevant, that is, it has at least one path in the test from its278

right premise to the ◦-root;279

5. deadlock-free: no ∀•𝑋-gate is stuck, that is, all paths in the test from its premise to280

the ◦-root contains all the ∀◦𝑌-gates guarding it.281

▶ Remark 11. Condition 5 is the only condition in the correctness criterion which explicitly282

involves pointers. The other conditions are purely topological conditions on the underlying283

pre-net. In particular, the first three conditions are the same as the conditions of Lamarche’s284

correctness criterion for essential nets. The fourth condition is a new condition, which is not285

present in Lamarche’s criterion, but it suffices to characterize the weakening propagation286

in intuitionistic logic, and it is not needed in linear logic because of the presence of jumps.287

Togheter with the first three conditions, it is enough to have a correctness criterion for the288

propositional fragment of intuitionistic logic.289

The last condition is a new condition, which deals with the dependencies created by the290

side condition of the ∀◦-rule. Notice that this condition is defined for the ∀•-gates, and not291

for the ∀◦-gates. This is because, during sequentialization, the side condition of the ∀◦-rule292

is enforced by the cleanness condition (Definition 5.2), which ensures that no variable can293

be captured by a ∀◦-gate if it is not ‘in plain sight’ in the proof net, and this is enough294

to ensure that the ∀•-rule can be applied in a correct way. This shifts attention from the295

∀◦-gates to the ∀•-gates: during sequentialization, we can remove a ∀•-gate only if it will not296

expose variables which are bound by a ∀◦-gate, violating the cleanness condition. The name297

‘deadlock-free’ is meant to capture this idea that if the condition is violated, then the ∀•-gate298

cannot be sequentialized because of cyclic dependencies in the sequentialization order with299

some ∀◦-gates. See Example 28 below.300

The remaining expected conditions on pointers, such as the uniformity, cleanness, and301

safeness conditions were already included in Definition 6. The design choice of separating302

the conditions on the underlying pre-net from the other conditions on pointers is motivated303

by the fact that we want to distinguish the topological conditions of the underlying pre-net304

capturing the fact that rules can be applied in a correct order, from the conditions ensuring305

that substitutions (associated to the ∀•𝑋-rule) are applied in a correct way.306

▶ Example 12. Below, two nets of the same sequent ∀𝑋.(𝑋 ∧ 𝑋) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍. The one on307

the left is not correct because the ∀•𝑋-gate is stuck: the path to the ◦-root passing through308

the 𝑍 formula does not pass through the ∀◦𝑌 -gate, which is guarding the ∀•𝑋-gate. The one309

on the right is correct because in the left copy of ∀𝑋.(𝑋 ∧ 𝑋), the 𝑍 is discarded, preventing310

6 In the game semantics for multiplicative exponential linear logic in [10], this same interaction of
weakening and →•-rules is also enforced, as plays of a game can never continue playing a weakened
formula, nor continue to the left premise of a →•-rule whose active formula in the right premise comes
from weakening. However, this is not part of the denotational semantics of the logic, but rather a
consequence of the translation from proofs to strategies, which enforces excising. As a consequence,
full-completeness cannot be achieved in these games.
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the existence of a path to the ◦-root which does not pass through the ∀◦𝑌 -gate, while the311

∀•𝑋-gate in the copy on the right is not stuck, as it has no path to the ◦-root.312

AX AX

𝑌• 𝑍• 𝑌◦ 𝑍◦

∧ ∀◦𝑌

𝑌 ∧ 𝑍• ∀𝑌 .𝑌◦

∀•𝑋 ∧

∀𝑋.(𝑋 ∧ 𝑍)• (∀𝑌 .𝑌 ) ∧ 𝑍◦

𝑋1

AX

W W AX

𝑌• 𝑍• 𝐴• 𝑍• 𝑌◦ 𝑍◦

∧ ∧ ∀◦𝑌

𝑌 ∧ 𝑍• 𝐴 ∧ 𝑍• ∀𝑌 .𝑌◦

∀•𝑋 ∀•𝑋 ∧

∀𝑋.(𝑋 ∧ 𝑍)• ∀𝑋.(𝑋 ∧ 𝑍)•

C

∀𝑋.(𝑋 ∧ 𝑍)• (∀𝑌 .𝑌 ) ∧ 𝑍◦

𝑋1 𝑋3

(2)313

A detailed explanation is provided in Example 28 in Section A.314

▶ Proposition 13. Given a net provided with a set of pointers on it, it is possible to check in315

polynomial time (on the number of vertices of the net) whether it is a correct net.316

Proof. Uniformity condition and cleanness condition of the net can be checked in linear time,317

while proper instantiation can be checked in polynomial time with a traversal of the graph.318

At the same time, given a net, it is possible to check in polynomial time on the number of319

vertices of the net whether it is correct: one-sidedness can be checked in linear time, while320

acyclicity, functionality and excising can be checked in polynomial time with a traversal of321

the graph. ◀322

To prove that the correctness criterion provides a sound and complete characterization of323

proof nets, we first show that any proof net is a correct net.324

▶ Lemma 14. A proof net is a correct net.325

Sketch of the proof. By induction on the structure of the derivation D used to define the326

proof net Pn(D), reasoning on the bottom-most rule of the derivation. The only two cases327

requiring some care are the→•-rule and ∀◦-rules. The first requires a case distinction weather328

the right premise of the →•-rule is connected to the ◦-root in the test or not. The second329

one requires checking that the eigenleaf of a ∀◦𝑋-gate has its •-sibling in the reach of a ∀•𝑌330

gate, following from cleanness of our sequents. ◀331

4.1 Splitting and Sequentialization332

To prove that any correct net is a proof net, we provide a sequentialization procedure,333

showing how to reconstruct a derivation in LJ2 from a correct net. A key step in any334

sequentialization procedure for proof nets is to identify the last rule of the derivation, which335

corresponds to a conclusion gate of the net. For unary rules, this is straightforward, but for336

binary rules (→• and ∧◦) this is more complex, as binary inference rules in LJ2 requires to337

split the context in two parts. For this reason, we first prove a splitting lemma, showing that338

if the sequentialization procedure arrives at a point in which the net needs to be split in two,339

then it is always possible to find the right conclusion gate such that removing it does not340

break correctness.341

▶ Definition 15. A conclusion gate of a net is splitting if, after removing the gate and its342

conclusion, the remaining graph decomposes into two disjoint nets– i.e., the set of remaining343
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vertices can be partitioned into two disjoint subsets such that no edge of the original net344

connects vertices belonging to different subsets.345

To prove splitting, we adapt the proof of the splitting lemma for essential nets in [34] to346

our setting, and we show that the additional conditions of excising and deadlock-free are347

preserved by removing a splitting conclusion gate.348

▶ Definition 16. Let 𝑥 and 𝑦 be vertices in a correct net G. We write 𝑥 ⪯ 𝑦 if every path349

in the test of G from 𝑥 to the ◦-root contains 𝑦. The empire of a vertex 𝑥◦ is the set 囗𝑥350

of vertices of the net which are ⪯-smaller than 𝑥◦, the ⪯-minimal gates in 囗𝑥 are called351

advisors of 𝑥◦, and we denote by 士(𝑥) the set of advisors of 𝑥◦. The marshal of a vertex352

𝑦, denoted K(𝑦) is the ⪯-smallest wire 𝑧◦ such that 𝑦 ∈囗𝑧 .353

▶ Lemma 17. Let G be a correct net with ◦-root 𝑟 and 𝑧◦ a vertex of G. Then:354

1. the relation ⪯ is an order inducing a tree-like structure on the vertices of G;355

2. 𝑟 is the ⪯-maximum, and every →•-gate is ⪯-smaller than 𝑟;356

3. if 𝑥 ∈士(𝑧), then 𝑥•. Moreover, if 𝑥 is a premise of a gate 𝔤, then 𝑧 ≠ K(𝔤);357

4. if 𝔤 is a →◦-gate with premises 𝑥◦ and 𝑦•, then K(𝑥) ⪯ K(𝑦). If 𝑦 is the premise of the358

⪯-greatest ∀◦-gate guarding a ∀•-gate 𝔤, then K(𝔤) ⪯ 𝑦.359

5. if 𝑥 is a premise of a gate with conclusion 𝑦, then K(𝑥) ⪯ K(𝑦). Moreover, if additionally360

𝑥• and K(𝑥) = 𝑟◦, then K(𝑦) = 𝑟◦ and 𝑦•.361

Sketch of the proof. Item 1 is a consequence acyclicity, while Item 2 is a consequence362

of one-sidedness and excising. Item 3 is a consequence of the definition of the polarized363

orientation, while Items 4 and 5 are consequences of functionality and deadlock-free. ◀364

▶ Lemma 18 (Splitting). Let G be a correct net with more than two AX-gate. If all conclusion365

gates of G have labels in {AX,→•,∧◦,∀•𝑋} and all conclusion ∀•𝑋-gates are guarded, then366

at least one of its conclusion gates is splitting.367

Proof. We prove that either an advisor of the ◦-root 𝑟◦ of G is the conclusion of a splitting368

→•-gate, or 𝑟◦ must be the conclusion of a splitting ∧◦-gate.369

We first show that if the set X of conclusion →•-gates of G with marshal 𝑟◦ is non-empty,370

then there is 𝔤 ∈ X whose left-premise 𝑥𝔤 is such that 士(𝑥𝔤) ⊂ 士(𝑟). This is proven by371

contradiction. Take 𝔤 ∈ X and its left-premise 𝑣. We show that if an advisor of 𝑣 is not372

in 士(𝑟), then such an advisor must be (strictly) above another advisor 𝑤 of 𝑟◦. If 𝑤 is a373

∀•-gate, then it is guarded by hypothesis, and we should have K(𝑤) = 𝑟◦ by Lemma 17.5;374

this is impossible because K(𝑤) ⪯ 𝑦◦ with 𝑦 the premise of the ⪯-greatest ∀◦-gate guarding375

𝑤. Since 𝑤 cannot be the conclusion of a AX-gate, then it must be a →•-gate, and we can376

repeat the argument on its left premise, ultimately finding the desired →•-gate by finiteness377

and acyclicity of G.378

If X is non-empty, we select any advisor in it whose left premise 𝑥◦ is such that 士(𝑥) ⊂379

士(𝑟), and we prove that 𝔤 is splitting by letting G1 (resp. G2) be the subgraph induced by380

the vertices in (resp. not in) the empire of 𝑥◦. The correctness of G2 follows trivially from381

the one of G. For G1, correctness follows from the fact that any path from a vertex 𝑦 in G382

to its ◦-root 𝑟◦ must pass through 𝑥◦.383

Otherwise, there is no advisor of the ◦-root 𝑟◦ which has marshal 𝑟◦ itself and 𝑟◦ cannot384

be the conclusion an AX-gate, because the •-sibling of 𝑟◦ should be above another advisor385

whose marshal should necessarily be 𝑟◦. Therefore, 𝑟◦ must be the conclusion of a ∧◦-gate,386

and we can conclude by letting G1 and G2 be the subgraphs induced by the empires of the left387

and right premise of 𝑟◦, respectively. Correctness of G1 and G2 follows from the disjointness388

of the empires of the two premises, and the ⪯-incomparability of their elements. ◀389
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Γ1 ⊢ 𝐶1

Γ2, ⊢ 𝐶2 Γ3,Δ ⊢ 𝐶3
𝜌1 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ2, Γ3,Δ
′ ⊢ 𝐶

𝜌2 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ1, Γ

′, Γ3,Δ
′ ⊢ 𝐶

∼
Γ1 ⊢ 𝐶1 Γ2,Δ2 ⊢ 𝐶2

𝜌2 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ1, Γ

′,Δ2 ⊢ 𝐶2 Γ3,Δ3 ⊢ 𝐶3
𝜌1 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ1, Γ
′, Γ3,Δ

′ ⊢ 𝐶

Γ, Σ′,Δ′ ⊢ 𝐶′
𝜏1 −−−−−−−−−−−−−−−−−−−−

Γ, Σ′,Δ ⊢ 𝐶
𝜏2 −−−−−−−−−−−−−−−−−−

Γ, Σ,Δ ⊢ 𝐶
∼

Γ, Σ′,Δ′ ⊢ 𝐶′
𝜏2 −−−−−−−−−−−−−−−−−−−−

Γ, Σ,Δ′ ⊢ 𝐶′
𝜏1 −−−−−−−−−−−−−−−−−−−

Γ, Σ,Δ ⊢ 𝐶

Γ,Δ1, ⊢ 𝐶1 Σ′ ⊢ 𝐶2
𝜌1 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ,Δ′, Σ ⊢ 𝐶
𝜏2 −−−−−−−−−−−−−−−−−−

Γ,Δ,Σ ⊢ 𝐶
∼

Γ,Δ′ ⊢ 𝐶1
𝜏2 −−−−−−−−−−−−−−−

Γ,Δ ⊢ 𝐶1 Σ′ ⊢ 𝐶2
𝜌1 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

𝐴, Γ,Δ ⊢ 𝐶

Γ ⊢ 𝐶0 𝐶1,Δ, 𝐴 ⊢ 𝐵
𝜌2 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ, Σ,Δ′, ⊢ 𝐴′
𝜏1 −−−−−−−−−−−−−−−−−−−

Γ, Σ,Δ ⊢ 𝐴
∼ Γ ⊢ 𝐶0

𝐶1,Δ
′ ⊢ 𝐴′

𝜏1 −−−−−−−−−−−−−−−−
𝐶1,Δ ⊢ 𝐴

𝜌2 −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, Σ,Δ ⊢ 𝐴

Figure 6 Independent rules permutations in LJ2 where 𝜌1 ∈ {∧◦,→•} and 𝜌2 ∈ {→•} and
𝜏1 ∈ {∧•,→◦,∀•,∀◦,W,C} and 𝜏2 ∈ {∧•,∀•,W,C} (symmetric cases omitted).

▶ Lemma 19 (Sequentialization). Let 𝜋 be a correct net for a sequent Γ ⊢ 𝐶. Then, there is390

a derivation D𝜋 in LJ2 with conclusion Γ ⊢ 𝐶.391

Sketch of the proof. We define a sequentialization procedure to construct a derivation D𝜋392

in LJ2 from a correct net 𝜋 by induction on the number 𝑛 of gates of 𝜋. If 𝑛 = 1, then 𝜋393

is an AX-gate, and the corresponding derivation is the AX-rule. Otherwise, we proceed by394

sequentializing the conclusion gate of 𝜋 which are not AX-gates: if any such gate has labels395

in {→◦,∧•,C,∀•𝑋} or it is a non-guarded ∀•𝑋-gates, then the derivation D𝜋 is obtained396

by applying the corresponding rule of LJ2 to the derivations D𝜋′ of the sub-nets 𝜋′ of 𝜋397

obtained by removing the conclusion gate. Otherwise, we can apply Lemma 18 to find a398

splitting →• or ∧◦-gate, and D is obtained by applying the corresponding rule of LJ2 to399

the derivations D𝜋1 and D𝜋2 of the two sub-nets 𝜋1 and 𝜋2 of 𝜋 obtained by removing the400

splitting conclusion gate. ◀401

We conclude the section by formulating the equivalence between the definitions of proof402

net and correct net, consequence of Lemmas 14 and 19.403

▶ Theorem 20. A net is a proof net iff it is correct.404

5 Proof Equivalence405

In this section, we discuss the proof equivalence in LJ2 induced by proof nets.406

▶ Definition 21. We say that two (instances of) rules are independent if their set of active407

and principal formulas are disjoint. Independent rules permutations in LJ2 are in Figure 6.408

While independent rules permutations are sufficient to get rid of the syntactic bureaucracy409

in the proof of cut-elimination in LJ2, additional rules permutations may be desirable to get410

a more canonical representation of proofs, and, they naturally arise in denotational models.411

Here, we consider the additional transformations on derivations in LJ2 generated by the (non412

necessarily local) permutations in the bottom of Figure 7.413

▶ Definition 22. We define additional transformations on derivations in LJ2 which are414

generated by the (non necessarily local) permutations at the bottom of Figure 6:415

weakening-contraction comonoid: permutations of two nonindependent C-rules, or416

permutations of nonindependent C- and W-rules ‘cancelling each other’;417

excising: the permutation of a →• over a W, permuting a W below a →• by replacing418

the derivation of the left premise of the →• with a bunch of W;419

weakening maximization: permutations pushing the weakening below a ∧• or a ∀•;420

We define the following equivalence relations on derivations in LJ2:421
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Weakening-contraction comonoid
Γ, 𝐴 ⊢ 𝐶

W −−−−−−−−−−−−−−−−−
Γ, 𝐴, 𝐴 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

∼ Γ ⊢ 𝐴
Γ, 𝐴, 𝐴 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

W −−−−−−−−−−−−−−−−−
Γ, 𝐴, 𝐴 ⊢ 𝐶

∼ Γ, 𝐴, 𝐴 ⊢ 𝐶
Γ, 𝐴1, 𝐴2, 𝐴3 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, 𝐴, 𝐴3 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

∼
Γ, 𝐴1, 𝐴2, 𝐴3 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, 𝐴1, 𝐴 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

Excising
−
D





Γ ⊢ 𝐴

Δ ⊢ 𝐶
W −−−−−−−−−−−−
𝐵,Δ ⊢ 𝐶

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

∼
Δ ⊢ 𝐶

W ================================

Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

Weakening maximization
Γ ⊢ 𝐶

W =====================

Γ, 𝐴, 𝐵 ⊢ 𝐶
∧• −−−−−−−−−−−−−−−−−−−

Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶
∼

Γ ⊢ 𝐶
W −−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶

Γ ⊢ 𝐶
W −−−−−−−−−−−−−−−
Γ, 𝐴𝜎 ⊢ 𝐶

∀• −−−−−−−−−−−−−−−−−−
Γ,∀𝑋.𝐴 ⊢ 𝐶

∼
Γ ⊢ 𝐶

W −−−−−−−−−−−−−−−−−−
Γ,∀𝑋.𝐴 ⊢ 𝐶

Figure 7 Additional rules permutations in LJ2.

D1 ∼ D2 if D1 and D2 are equivalent up to independent rules permutations and excising;422

D1 ≈ D2 if D1 and D2 are equivalent up to independent rules permutations, excising,423

weakening-contraction comonoid, and weakening maximization.424

▶ Proposition 23. Let D1 and D2 be two derivations. If D1 ∼ D2, then Pn(D1) = Pn(D2).425

Proof. It suffices to prove that if D1 and D2 differ by a single transformation of the ones426

defining ∼, then Pn(D1) = Pn(D2). The translation of derivations into proof nets allows us427

to easily check that gates corresponding to independent rules are not one above the other,428

while the special case for the translation of the →•-rule allows us to capture the excising429

transformation. ◀430

Proposition 23 shows that the proof nets of two derivations are the same if the two431

derivations are equivalent up to independent rules permutations, but it does not show that432

the converse is true, that is, that if the proof nets of two derivations are the same, then the433

two derivations are equivalent up to independent rules permutations. For a counterexample,434

consider the two following derivations and their proof net.435

Pn

©­­­­­­­­«
AX −−−−−−−−

𝐴 ⊢ 𝐴

AX −−−−−−−−−
𝐷 ⊢ 𝐷

W =======================

𝐵,𝐶, 𝐷 ⊢ 𝐷
∧• −−−−−−−−−−−−−−−−−−−−

𝐵 ∧ 𝐶, 𝐷 ⊢ 𝐷
→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

𝐴, 𝐴→ (𝐵 ∧ 𝐶), 𝐷 ⊢ 𝐷

ª®®®®®®®®¬
=

W W AX

𝐴• 𝐴→ (𝐵 ∧ 𝐶)• 𝐷• 𝐷◦
= Pn

©­­­­­­­­«
AX −−−−−−−−

𝐴 ⊢ 𝐴

AX −−−−−−−−−
𝐷 ⊢ 𝐷

W ========================================

𝐵 ∧ 𝐶, 𝐵 ∧ 𝐶, 𝐷 ⊢ 𝐷
C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

𝐵 ∧ 𝐶, 𝐷 ⊢ 𝐷
→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

𝐴, 𝐴→ (𝐵 ∧ 𝐶), 𝐷 ⊢ 𝐷

ª®®®®®®®®¬
(3)436

The reason why the converse implication of Proposition 23 does not hold in proof nets, is437

because of the excising transformation is local, while the special case of the translation of438

the →•-rule has a non-local trigger. In the example above, the two sub-derivations of right439

premises of the →•-rules are not ∼-equivalent. To fix this problem, it is sufficient to be able440

to permute all W-rule ‘as low as possible’ (see the three leftmost rewritings in Figure 8). This441

includes permuting the W-ruled below C-rules, which is part of the weakening-contraction442

comonoid, which, therefore, we also aim to capture with our syntax.443

5.1 Canonical Proof Nets444

In order to improve the modularity of proof equivalence for our proof nets, we define a445

canonical form for proof nets, which is obtained by pushing all W-gates as low as possible in446

the proof net.447

▶ Definition 24. A canonical proof net is a proof net such that:448

every C-gate has no premise which is the conclusion of another C-gate or a W-gate;449
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W

𝐴•

∀•𝑋

∀𝑋.𝐴•

⇝

W

∀𝑋.𝐴•

W W

𝐴• 𝐵•

∧•

𝐴 ∧ 𝐵•

⇝

W

𝐴 ∧ 𝐵•

W •

𝐴• 𝐴•

C

𝐴•

⇝

•

𝐴•

𝐴• · · · 𝐴• •

C 𝐴•

𝐴• C

𝐴•

⇝

𝐴• · · · 𝐴• •

C 𝐴•

𝐴•

Figure 8 Rewriting rules for canonization of proof nets.

there is no gate such that all its premises are conclusions of W-gates.450

The canonization of a proof net is the rewriting defined by the rules in Figure 8.451

▶ Proposition 25. Canonization is convergent, and normal forms are canonical proof nets.452

Proof. Termination follows from the fact that each rewriting rule strictly reduces the number453

of C-, W-, and ∀•-gates. Confluence can be shown by a straightforward verification of all the454

critical pairs: the non-trivial ones are those involving the second and third rewriting rules,455

which correspond to the comonoidal structure of the contraction and weakening rules, which456

is clearly confluent (see [33]).457

Moreover, the rewriting rules in Figure 8 preserve the correctness criterion. This is458

straightforward to verify since the ◦-root and none of the →•- and →◦-gates are involved459

in the rewriting rules, and the effect of the rewriting rules on the test does not change460

the topology of the context, that is, each rewriting rule preserves the existence of paths461

connecting vertices in the pre-net on which they are applied. We conclude since normal462

forms of canonization satisfy the conditions for proof nets being canonical. ◀463

Note that a direct translation of derivations into canonical proof nets is possible, but it would464

require to absorb the weakening-contraction comonoid and the weakening maximization465

transformations into the translation of the ∧•-, ∀•-, and C-rules, which would make the466

translation more complex, see Figure 10 in ??.467

Canonical proof nets allows us to have a canonicity result with respect to the equivalence468

relation ≈ on derivations in LJ2.469

▶ Theorem 26 (Full Local Canonicity). Let D1 and D2 be two derivations in LJ2. Then470

D1 ≈ D2 iff {{D1}} = {{D2}}.471

Sketch of the proof. The left-to-right implication is proven similarly to Proposition 23.472

The weakening-contraction comonoid and the weakening maximization transformations are473

captured by the rewriting rules in Figure 8.474

The right-to-left implication, is proven by induction on number of gates in a proof net 𝜋 =475

Pn(D), showing that if we pick a conclusion gate of 𝜋 which has label in {∧•,C,W,∀◦𝑋,→◦},476

is a non-guarded ∀•𝑋-gate, or is a splitting →•- or ∧◦-gate, then we can find a derivation D′477

with bottom-most rule corresponding to the selected conclusion gate and such that D ≈ D′478

and Pn(D′) = 𝜋7. ◀479

▶ Remark 27. For the propositional fragment of LJ2, the proof equivalence captured by480

canonical proof nets is the same as the same proof equivalence captured by combinatorial481

proofs [51], and it is well-known that this latter is weaker than the proof equivalence482

7 See [53], where the same technique has been used to prove that proof nets for (classical) multiplicative
additive linear logic are canonical with respect to rules permutations.
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captured by natural deduction (or, equivalently, lambda calculus). In particular, the following483

equivalence of derivations in LJ2 is not captured by canonical proof nets, but it is captured484

by natural deduction.485

−
D





Γ ⊢ 𝐴

𝐵, 𝐵,Δ ⊢ 𝐶
C −−−−−−−−−−−−−−−−−

𝐵,Δ ⊢ 𝐶
→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶
∼

−
D





Γ ⊢ 𝐴

−
D





Γ ⊢ 𝐴 𝐵, 𝐵,Δ ⊢ 𝐶

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, 𝐴→ 𝐵, 𝐵,Δ ⊢ 𝐶

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, 𝐴→ 𝐵, Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

C ======================================================

Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

(4)486

Note that this very equivalence is the one causing the unbounded growth of the size of487

derivations in LJ2 during cut-elimination.488

6 Conclusion489

In this paper, we have defined proof nets for the cut-free fragment of second-order intuitionistic490

logic sufficient to define types for the System F, closing a long trip started by Girard’s original491

motivation for the introduction of linear logic, and proof nets as its canonical syntax for492

proofs. The direct translation of derivations into proof nets allowed us formulate a very simple493

correctness criterion for our proof nets, based on paths in a graph obtained by reorienting494

certain edges of the proof net. We have also shown that our proof nets can be refined to495

provide canonical representations of proofs in LJ2 up to a natural notion of proof equivalence,496

which is weaker than the one captured by natural deduction, but still strong enough to avoid497

the unbounded growth of the size of derivations during cut-elimination.498

Adding the cut-rule. In the paper, we did not include the cut-rule in our syntax to avoid499

unnecessary mental overhead, and to keep the presentation as simple as possible. However, to500

include the cut-rule only requires considering a new shape for gates, which behave similarly to501

a →•-gate with no conclusion. When it comes to the definition of test, correctness criterion,502

splitting, and sequentialization, the extension of the results in the paper is straightforward.503

sequent rule cut-gate shape polarized orientation of cut
Γ ⊢ 𝐴 𝐴,Δ ⊢ 𝐶

cut −−−−−−−−−−−−−−−−−−−−−−−−−
Γ, Σ,Δ ⊢ 𝐶

𝐴◦ 𝐴•

cut
𝐴◦ 𝐴•

cut
(5)504

Perspectives. We can establish a correspondence between the set of paths we use to505

check correctness for our proof nets and winning strategy in a Hughes’ hypergames [30, 28],506

similarly to the correspondence already studied in [35]. Such a correspondence could be507

used to provide a purely combinatorial (i.e., not relying on categorical constructions) proofs508

of soundness and completeness for hypergames, and to design combinatorial proofs (in the509

sense of [51]) for the entire System F, which is still an open problem due to the absence of a510

decomposition theorem usually used to define combinatorial proofs [51, 4, 5, 9, 6]. We also511

plan to extend the combinatorial lambda calculus from [27] for the entire System F using512

these results, providing a new tool to study the dynamics of normalization of System F in513

which it is possible to separate the resource management from the linear reductions, similarly514

to the approach in Dal Lago and Olimpieri’s in [11] for multiplicative exponential linear logic.515
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AX −−−−−−−−−
𝑋 ⊢ 𝑋
−−−−−−−−−−−−−−
∀𝑍.𝑍 ⊢ 𝑋

W −−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,𝑉 ⊢ 𝑋

→◦ −−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍 ⊢ 𝑉 → 𝑋

AX −−−−−−−−
𝑉 ⊢ 𝑉

∀• −−−−−−−−−−−−−−
∀𝑍.𝑍 ⊢ 𝑉

AX −−−−−−−−−
𝑋 ⊢ 𝑋

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,𝑉 → 𝑋 ⊢ 𝑋

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,∀𝑍.𝑍, (𝑉 → 𝑋) → (𝑉 → 𝑋) ⊢ 𝑋

C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍, (𝑉 → 𝑋) → (𝑉 → 𝑋) ⊢ 𝑋

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,∀𝑌 .(𝑌 → 𝑌 ) ⊢ 𝑋

∀◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,∀𝑌 .(𝑌 → 𝑌 ) ⊢ ∀𝑋.𝑋

≃

AX −−−−−−−−−
𝑋 ⊢ 𝑋

W −−−−−−−−−−−−−
𝑋,𝑉 ⊢ 𝑋

→◦ −−−−−−−−−−−−−−−−−
𝑋 ⊢ 𝑉 → 𝑋

AX −−−−−−−−
𝑉 ⊢ 𝑉

AX −−−−−−−−−
𝑋 ⊢ 𝑋

→• −−−−−−−−−−−−−−−−−−−−−−−−−−
𝑉,𝑉 → 𝑋 ⊢ 𝑋

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝑋,𝑉, (𝑉 → 𝑋) → (𝑉 → 𝑋) ⊢ 𝑋

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝑋,𝑉,∀𝑌 .(𝑌 → 𝑌 ) ⊢ 𝑋

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝑋,𝑉,∀𝑌 .(𝑌 → 𝑌 ) ⊢ ∀𝑋.𝑋

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝑋,∀𝑍.𝑍,∀𝑌 .(𝑌 → 𝑌 ) ⊢ ∀𝑋.𝑋

∀◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,∀𝑍.𝑍,∀𝑌 .(𝑌 → 𝑌 ) ⊢ ∀𝑋.𝑋

C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑍.𝑍,∀𝑌 .(𝑌 → 𝑌 ) ⊢ ∀𝑋.𝑋

Figure 9 Two equivalent derivations in LJ2, both encoded as the same proof net in Figure 1.

A Appendix672

▶ Lemma 14. A proof net is a correct net.673

Proof. To prove that a proof net is a correct net, we show that the translation from derivations674

to pre-nets in Figure 4 respect the correctness criterion, and that adding pointers to obtain675

the proof net does not break correctness.676

We proceed by induction on the structure of the derivation being translated, and we677

analyze the translation of each inference rule by showing that if the proof net of the derivations678

premise(s) is a correct net, then the proof net of the conclusion is also a correct net.679

the translation of AX is trivially a correct net: it has a single ◦-root, its test is acyclic, it680

does not contain any →◦-gate or →•-gate, and it contains no pointers because it does681

not contain any ∀•𝑋-gate;682

the translation of ∧•, C, and W, simply adds a conclusion gate (and its conclusion), and683

no pointers. Because of the orientation of its adjacent edges in the test, the correctness684

follows immediately from the inductive hypothesis on the premises.685

the translation of ∧◦ adds a conclusion gate (and its conclusion) connecting both the686

◦-roots of the proof nets of the premises. Correctness follows by inductive hypothesis on687

the premises, once remarked that one-sidedness is preserved because the new conclusion688

gate has two premises that were the two ◦-roots of the proof nets of the premises;689

the translation of →◦ adds a conclusion gate (and its conclusion) with premises a •-root690

𝐴• and the ◦-root 𝐵◦ of the proof net 𝜋′ of its premise. In particular, if the vertex 𝐴• was691

admits a path in the test of 𝜋′ reaching the ◦-root of 𝜋′, then it also admits a path reaching692

the new ◦-root 𝐴→ 𝐵◦ of the proof net of the conclusion, and the functionality condition693

is preserved. If instead 𝐴• was not connected to the ◦-root of 𝜋′, then the translation of694

→◦ adds a new ◦-root 𝐴→ 𝐵◦, and the functionality condition also preserved because695

there are no paths from the left premise of the new →◦-gate to its ◦-root;696

the translation of →• follows immediately from the inductive hypothesis on the premises,697

once we check that excising is preserved. For this, we have to discuss the two cases698

depending on whether the vertex 𝐵• corresponding to the active formula of the rule in699

the right premise is connected to the ◦-root of the proof net 𝜋2 of its premise or not.700

If 𝐵• is connected to the ◦-root of the proof net 𝜋2, then the translation of →• adds a701

new →•-gate which is connected to 𝐵• in the test, and therefore it also admits a path702

to the ◦-root of the proof net of the conclusion, preserving excising.703
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Otherwise, 𝐵• is not connected to the ◦-root of the proof net 𝜋2. In this case, by704

inductive hypothesis, in the test of the proof net translating the derivation D2 of the705

right premise, all maximal paths starting from 𝐵• must end in a W-gate, and they706

cannot contain any →•-gate because of the excising condition (4). Then, Pn(D2) is707

correct iff also the proof net 𝜋′ obtained by removing any vertex reachable from 𝐵•708

in the test of Pn(D2) is correct. We conclude since adding any number of W-gates709

together with their conclusions (and the edges connecting them) to 𝜋′ also preserves710

correctness;711

the translation of ∀◦ adds a conclusion gate (and its conclusion). Acyclicity, functionality,712

excising, and one-sidedness follow immediately from the inductive hypothesis on the713

proof net of the premise, because the new conclusion gate is connected to the previous714

◦-root of the proof net of the premise. By the assumption of freshness of the variable 𝑌715

in the ∀◦𝑌 -rule, cleanness follows immediately from the inductive hypothesis on the proof716

net of the premise, because any leaf becoming an eigenleaf of the new ∀◦𝑌 -gate must be717

linked to a leaf which must be in the reach of a ∀•𝑌 -gate. The deadlock-free condition718

then follows immediatley from the fact that any path to the ◦-root of the proof net must719

contain the new ∀◦𝑌 -gate;720

the translation of ∀• adds a conclusion gate (and its conclusion) and a pointer from the721

∀•𝑋-gate to each vertex corresponding to the formula instantiated by the substitution of722

an occurrence of the variable 𝑋 bound by the quantifier. By construction, the target of723

each pointer is labeled by the same formula (modulo polarities), therefore uniformity is724

preserved. The cleanness and safeness follow by inductive hypothesis and by definition725

of substitution, which avoids capture of free variables. Then, correctness follows from726

inductive hypothesis on the proof net of the premise. In particular, the cleanness condition727

of the proof net of the premise ensures that no leaf in the reach of the ∀•𝑋-gate is linked to728

an eigenleaf of a ∀◦𝑌 -gate, and therefore the deadlock-free condition is trivially satisfied.729

◀730

▶ Lemma 17. Let G be a correct net with ◦-root 𝑟 and 𝑧◦ a vertex of G. Then:731

1. the relation ⪯ is an order inducing a tree-like structure on the vertices of G;732

2. 𝑟 is the ⪯-maximum, and every →•-gate is ⪯-smaller than 𝑟;733

3. if 𝑥 ∈士(𝑧), then 𝑥•. Moreover, if 𝑥 is a premise of a gate 𝔤, then 𝑧 ≠ K(𝔤);734

4. if 𝔤 is a →◦-gate with premises 𝑥◦ and 𝑦•, then K(𝑥) ⪯ K(𝑦). If 𝑦 is the premise of the735

⪯-greatest ∀◦-gate guarding a ∀•-gate 𝔤, then K(𝔤) ⪯ 𝑦.736

5. if 𝑥 is a premise of a gate with conclusion 𝑦, then K(𝑥) ⪯ K(𝑦). Moreover, if additionally737

𝑥• and K(𝑥) = 𝑟◦, then K(𝑦) = 𝑟◦ and 𝑦•.738

Proof. We prove each item separately.739

1. Reflexivity and transitivity of ⪯ are consequence of the definition, while anti-symmetry740

follows from acyclicity of the test (2). Moreover, if 𝑥 ⪯ 𝑦1, 𝑦2, then either 𝑦1 ⪯ 𝑦2 or741

𝑦2 ⪯ 𝑦1 must hold by acyclicity of the test.742

2. The ◦-root is the ⪯-maximum because of one-sidedness and excising guarantees that every743

→•-gate is ⪯-smaller than the ◦-root.744

3. The polarized orientation of the test guarantees that every advisor is a •-vertex. If an745

advisor 𝑥 of 𝑧 is a premise of a gate 𝔤, then the gate is not in the empire of 𝑧 (otherwise746

𝑥 would not be an advisor of 𝑧); therefore, K(𝔤) ≠ 𝑧.747

4. The first follows from functionality, the second from deadlock-free.748

5. By definition of the polarized orientation of the test and functionality. If, additionally, 𝑥•749

and K(𝑥) = 𝑟◦, the only possibility for 𝑦 to not be 𝑦• is that the gate is a ∧◦-gate, but750
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in this case, by the previous point, K(𝑥) should be above the right-premise of the gate751

(contraddicting the assumption that K(𝑥) = 𝑟◦).752

◀753

▶ Lemma 19 (Sequentialization). Let 𝜋 be a correct net for a sequent Γ ⊢ 𝐶. Then, there is754

a derivation D𝜋 in LJ2 with conclusion Γ ⊢ 𝐶.755

Proof. We provide a sequentialization procedure to construct a derivation D𝜋 in LJ2 from a756

correct net 𝜋. It proceeds by induction on the number |𝜋 | of gates of 𝜋.757

If |𝜋 | = 1, then 𝜋 can only be made of a AX-gate and its conclusions, then D𝜋 is made of758

a single AX. Otherwise, 𝜋 has at least a conclusion gate which is not an AX-gate, and we759

have the following cases:760

if one of the conclusion gates has label in {→◦,∧•,W,∀◦𝑋} (resp. is a C-gate with 𝑛 + 1761

premises), then the net 𝜋′ obtained by removing that gate and its conclusion from 𝜋 is still762

correct. Therefore, we can apply inductive hypothesis to 𝜋′ to obtain a derivation D𝜋′763

in LJ2, and define the derivation D𝜋 as the one obtained by applying the corresponding764

rule (resp. the C-rule 𝑛 times) to the conclusion ofD𝜋′ . In particular:765

the functionality condition ensures that removing a →◦-gate does not break functional-766

ity nor excising, because any path from the left premise of the removed →◦-gate to the767

◦-root must contain its right premise, and therefore it is still present in the test of 𝜋′;768

the cleanness condition ensures that every time a ∀◦𝑋-gate is a conclusion gate, then769

none of its eigenleaves are linked to a leaf which is not in the reach of a ∀•𝑋-gate,770

therefore that the side condition of the ∀◦𝑋-rule is respected;771

if a conclusion gate is an unguarded ∀•𝑋-gate, then the net 𝜋′ obtained by removing that772

gate, its conclusion, as well as the pointers with source that gate from 𝜋 is still correct.773

In particular, the conditions on pointers in the definition of net (Definition 5) are trivially774

preserved by removing the pointers with source the removed ∀•𝑋-gate. Therefore, we775

can apply inductive hypothesis to 𝜋′ to obtain a derivation D𝜋′ in LJ2, and define the776

derivation D𝜋 as the one obtained by applying the ∀•𝑋-rule to the conclusion of D𝜋′ ,777

where the substitution is defined by the labels of the targets of the pointers with source778

the removed ∀•𝑋-gate in 𝜋.779

otherwise, the underlying pre-net of 𝜋 satisfies the hypothesis of Lemma 18, therefore780

there is a splitting ∧◦ or →• gate among the conclusion gates of 𝜋. If 𝜋1 and 𝜋2 are the781

two nets obtained by removing that gate and its conclusion from 𝜋, then we can apply782

inductive hypothesis to both 𝜋1 and 𝜋2 to obtain derivations D𝜋1 and D𝜋2 in LJ2, and783

define the derivation D𝜋 as the one obtained by applying the corresponding rule to the784

conclusions of these derivations.785

◀786

▶ Theorem 26 (Full Local Canonicity). Let D1 and D2 be two derivations in LJ2. Then787

D1 ≈ D2 iff {{D1}} = {{D2}}.788

Proof. The left-to-right implication is proven similarly to Proposition 23. The weakening-789

contraction comonoid and the weakening maximization transformations are captured by the790

rewriting rules in Figure 8.791

The right-to-left implication, is proven as in by induction on number of gates in a792

proof net 𝜋 = Pn(D), showing that if we pick a conclusion gate of 𝜋 which has label in793

{∧•,C,W,∀◦𝑋,→◦}, is a non-guarded ∀•𝑋-gate, or is a splitting →•- or ∧◦-gate, then we can794
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find a derivation D′ with bottom-most rule corresponding to the selected conclusion gate795

and such that D ≈ D′ and Pn(D′) = 𝜋8.796

We reason by cases on the label of a conclusion gate of 𝜋:797

1. If 𝜋 has one of the following forms798

𝐴◦

∀◦𝑋

Γ• ∀𝑋.𝐴◦

𝜋1𝜋1

or

𝐴• 𝐵◦

→◦

Γ• 𝐴→ 𝐵◦

𝜋1𝜋1

or

𝐴• 𝐵•

∧•

Γ• 𝐴 ∧ 𝐵• 𝐶◦

𝜋1𝜋1

or

𝐴 {𝑋 ←� 𝐵}•

∀•𝑋

Γ• ∀𝑋.𝐴• 𝐶◦

𝜋1𝜋1

799

then the derivation D has the respective following shape800

−
D′pre





Γ′ ⊢ 𝐴

∀◦ −−−−−−−−−−−−−−−
Γ′ ⊢ ∀𝑋.𝐴
Dpost





Γ ⊢ ∀𝑋.𝐴

−
D′pre





Γ′, 𝐴 ⊢ 𝐵

→◦ −−−−−−−−−−−−−−−−−−
Γ′ ⊢ 𝐴→ 𝐵

Dpost





Γ ⊢ 𝐴→ 𝐵

−
D′pre





Γ′, 𝐴, 𝐵 ⊢ 𝐶′

∧• −−−−−−−−−−−−−−−−−−−−−−
Γ′, 𝐴 ∧ 𝐵 ⊢ 𝐶′
Dpost





Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶

−
D′pre





Γ′,∀𝑋.𝐴 ⊢ 𝐶′

∀•𝑋 −−−−−−−−−−−−−−−−−−−−−
Γ′,∀𝑋.𝐴 ⊢ 𝐶′
Dpost





Γ,∀𝑋.𝐴 ⊢ 𝐶

801

with none of the rules in Dpost having the occurrence of 𝐴 in the conclusion of the802

r-rule we are focussing on as active formula. We can then permute down r using rules803

permutations, obtaining a derivation D′ ∼ D of the corresponding following form, as804

requested in the statement of the theorem:805

−
Dpre





Γ′ ⊢ 𝐴

∀◦ −−−−−−−−−−−−−−
Γ ⊢ ∀𝑋.𝐴

−
Dpre





Γ′, 𝐴 ⊢ 𝐵

→◦ −−−−−−−−−−−−−−−−−
Γ ⊢ 𝐴→ 𝐵

−
Dpre





Γ′, 𝐴, 𝐵 ⊢ 𝐶′

∧• −−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶

−
Dpre





Γ′,∀𝑋.𝐴 ⊢ 𝐶′

∀•𝑋 −−−−−−−−−−−−−−−−−−−−−
Γ,∀𝑋.𝐴 ⊢ 𝐶

806

2. If 𝜋 has one of the following forms807

𝐴◦ 𝐵◦

∧◦

Γ• 𝐴 ∧ 𝐵◦ Δ•

𝜋1𝜋1 𝜋2𝜋2

or

𝐴◦ 𝐵•

→•

𝐴•1 · · · 𝐴•𝑛 𝐴→ 𝐵• Δ• 𝐶◦

𝜋1𝜋1 𝜋2𝜋2

808

then the derivation D has the respective following shape809

−
D′L−pre





Γ′ ⊢ 𝐴

−
D′R−pre





Δ′ ⊢ 𝐵

∧◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ′,Δ′ ⊢ 𝐴 ∧ 𝐵

Dpost





Γ,Δ ⊢ 𝐴 ∧ 𝐵

−
D′L−pre





Γ′ ⊢ 𝐴

−
D′R−pre





𝐵,Δ′ ⊢ 𝐶′

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ′, 𝐴→ 𝐵,Δ′ ⊢ 𝐶′

Dpost





Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

810

with none of the rules in Dpost having the occurrence of 𝐴 in the conclusion of the811

r-rule we are focussing on as active formula. We can then permute down r using rules812

8 See [53], where the same technique has been used to prove that proof nets for (classical) multiplicative
additive linear logic are canonical with respect to rules permutations.
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permutations, obtaining a derivation D′ ∼ D of the corresponding following form, as813

requested in the statement of the theorem:814

−
DL−pre





Γ ⊢ 𝐴

−
DR−pre





Δ ⊢ 𝐵

∧◦ −−−−−−−−−−−−−−−−−−−−−−−−−−
Γ,Δ ⊢ 𝐴 ∧ 𝐵

−
DL−pre





Γ ⊢ 𝐴

−
DR−pre





𝐵,Δ ⊢ 𝐶

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ, 𝐴→ 𝐵,Δ ⊢ 𝐶

815

3. If 𝜋 has the following form,816

W

𝐴• Γ• 𝐶◦

𝜋1𝜋1

817

then we reason on the bottom-most rule r in D whose principal formula 𝐴 corresponds818

to the conclusion of the W-gate of 𝜋:819

a. if r = W-rule, then we proceed as in (1);820

b. if r = ∧• (resp. r = ∀•), then we have that D is of the following shape821

−
D′pre





𝐴1, 𝐴2, Γ

′ ⊢ 𝐶′
∧• −−−−−−−−−−−−−−−−−−−−−−−

𝐴1, 𝐴2, Γ
′ ⊢ 𝐶′

Dpost





𝐴, Γ ⊢ 𝐶

if r = ∧•
©­­­­­­«
resp.

−
D′pre





𝐴1, Γ

′ ⊢ 𝐶′
∀• −−−−−−−−−−−−−−−−−

𝐴1, Γ
′ ⊢ 𝐶′

Dpost





𝐴, Γ ⊢ 𝐶

if r = ∀•
ª®®®®®®¬

822

with none of the rules in Dpost having the occurrence of 𝐴 in the conclusion of the823

W-rule we are focussing on as active formula. In this case, we can permute down r824

using rules permutations, obtaining a derivation D′ ∼ D of the following form825

−
Dpre





𝐴1, 𝐴2, Γ ⊢ 𝐶

∧• −−−−−−−−−−−−−−−−−−−−
𝐴, Γ ⊢ 𝐶

if r = ∧•
©­­«resp.

−
Dpre





𝐴1, Γ

′ ⊢ 𝐶′
∀• −−−−−−−−−−−−−−−−−

𝐴1, Γ
′ ⊢ 𝐶′

if r = ∀•
ª®®¬826

where the canonical proof net of Dpre is the following827

W W

𝐴•1 𝐴•1 Γ• 𝐶◦

𝜋1𝜋1 ©­­«resp.
W

𝐴•1 Γ• 𝐶◦

𝜋1𝜋1 ª®®¬828

We conclude by induction hypothesis, since Dpre has strictly fewer gates than D.829

c. Otherwise, it must be the case that there is a excising →•-rule in D, that is, a→•-rule830

whose active formula in the right premise is the conclusion of a W-rule. Thus, D has831

the following shape832

−
D′L−pre





𝐴,Δ ⊢ 𝐵

−
D′R−pre





Σ ⊢ 𝐷

W −−−−−−−−−−−−−
𝐶, Σ ⊢ 𝐷

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝐴,Δ, 𝐵→ 𝐶, Σ ⊢ 𝐷

Dpost





𝐴, Γ ⊢ 𝐷

833

where no rule in Dpost has active formula 𝐴, otherwise we could assume that such rule834

could be a ∧• or a ∀•, and we would be in (3.3b). In this case, we can apply excising835
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to D, obtaining a derivation D′′ ≈ D as shown below on the left, and thus we can836

permute down the W-rule in D′′ as done in (3.3a) obtaining a derivation D′ ∼ D′′837

and conclude.838

D′′ =

−
D′R−pre





Σ ⊢ 𝐷

W ======================================

𝐴,Δ, 𝐵→ 𝐶, Σ ⊢ 𝐷
Dpost





𝐴, Γ ⊢ 𝐷

D′ =

−
Dpre





Γ ⊢ 𝐷

W −−−−−−−−−−−−−
𝐴, Γ ⊢ 𝐷

839

4. If 𝜋 has the following form,840

𝐴1• · · · 𝐴𝑛•

C

Γ• 𝐴• 𝐶◦

𝜋1𝜋1

841

then the derivation D has the following shape842

−
D′pre





Γ′, 𝐴0, 𝐴1 ⊢ 𝐶′

C −−−−−−−−−−−−−−−−−−−−−−−
Γ′, 𝐴 ⊢ 𝐶′
Dpost





Γ, 𝐴 ⊢ 𝐶

843

with none of the rules in Dpost having the occurrence of 𝐴 in the conclusion of the C-rule844

we are focussing on as active formula. In this case, we can permute down the C-rule using845

rules permutations, obtaining a derivation D′ ∼ D of the following form.846

D′ =

−
Dpre





Γ, 𝐴0, 𝐴1 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶

847

such that
{{
Dpre

}}
has one of the following forms848

𝐴2• · · · 𝐴𝑘• 𝐴𝑘+1• · · · 𝐴𝑛•

C C

Γ• 𝐴0• 𝐴1• 𝐶◦

𝜋1𝜋1

𝐴𝑖• · · · 𝐴𝑛•

C

Γ• 𝐴𝑖• 𝐴(𝑖−1)• 𝐶◦

𝜋1𝜋1

W

Γ• 𝐴𝑖• 𝐴(𝑖−1)• 𝐶◦

𝜋1𝜋1

W W

Γ• 𝐴𝑖• 𝐴(𝑖−1)• 𝐶◦

𝜋1𝜋1

849

To conclude, it suffices to remark that the canonization of the proof net obtained by850

adding a C-gate with premises 𝐴(𝑖−1)• and 𝐴(𝑖)• to
{{
Dpre

}}
is the initial proof net 𝜋.851



M. Acclavio and D. Bettendroffer 23:25

◀852

▶ Example 28. We consider two nets for the same sequent ∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍.853

The first, (6), can be read as an attempt to provide a linear proof of the sequent, and it854

is not a correct net, as it does not satisfy the deadlock-free condition.855

AX AX

𝑌• 𝑍• 𝑌◦ 𝑍◦

∧ ∀◦𝑌

𝑌 ∧ 𝑍• ∀𝑌 .𝑌◦

∀•𝑋 ∧

∀𝑋.(𝑋 ∧ 𝑍)• (∀𝑌 .𝑌 ) ∧ 𝑍◦

𝑋1

(6)856

When trying to sequentialize it, we observe some dependencies between the ∀•𝑋- and857

∀◦𝑌 -rules. We know that a proof search starting with a ∧◦ cannot succeed, because the858

∧◦-rule requires to split the context, and, none of the two possible way to split the context859

can lead to a successful proof construction.860

...
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ ∀𝑌 .𝑌

fail
−−−−−
⊢ 𝑍

∧◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍

fail
−−−−
⊢ 𝑌
−−−−−−−−−−
⊢ ∀𝑌 .𝑌

...
−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ 𝑍

∧◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍

861

At the same time, a proof search starting with the ∀•𝑋-rule would either lead to a failure,862

because of the variable 𝑌 being captured by the ∀◦𝑌 -rule would not match any variable in863

the sequent, or it would lead to ending in a derivation where the ∀◦𝑋-rule cannot be applied864

because the side condition of 𝑌 not occurring free in the sequent is not respected.865

fail
∀◦ −−−−−−−−−−−−

𝐴, 𝑍 ⊢ 𝑌
∀◦ −−−−−−−−−−−−−−−−−−

𝐴, 𝑍 ⊢ ∀𝑌 .𝑌
∧• −−−−−−−−−−−−−−−−−−−−

𝐴 ∧ 𝑍 ⊢ ∀𝑌 .𝑌
−−−−−−−−−−−−−−−−−−−−
𝐴 ∧ 𝑍 ⊢ ∀𝑌 .𝑌

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍

fail
∧• −−−−−−−−−−−−−−−−−
𝑌, 𝑍 ⊢ ∀𝑌 .𝑌

∧• −−−−−−−−−−−−−−−−−−−−
𝑌 ∧ 𝑍 ⊢ ∀𝑌 .𝑌

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍

866

However, the sequent is derivable in LJ2 using the structural rules W and C. The following867
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net for the same sequent is correct.868

AX

W W AX

𝑌• 𝑍• 𝐴• 𝑍• 𝑌◦ 𝑍◦

∧ ∧ ∀◦𝑌

𝑌 ∧ 𝑍• 𝐴 ∧ 𝑍• ∀𝑌 .𝑌◦

∀•𝑋 ∀•𝑋 ∧

∀𝑋.(𝑋 ∧ 𝑍)• ∀𝑋.(𝑋 ∧ 𝑍)•

C

∀𝑋.(𝑋 ∧ 𝑍)• (∀𝑌 .𝑌 ) ∧ 𝑍◦

𝑋1 𝑋3

(7)869

The way proof search in this case can succeed is due to the fact that the C allows us to870

create two copies of the formula ∀𝑋.(𝑋 ∧ 𝑍). Then, we can now safely split the proof search871

context in two branches, one for each copy of ∀𝑋.(𝑋 ∧ 𝑍), and then apply the ∀◦𝑋-rule in872

the branch containing ∀𝑌 .𝑌 before applying the ∀•𝑋-rule, therefore now respecting the side873

condition of the ∀◦𝑋-rule.874

AX −−−−−−−−
𝑌 ⊢ 𝑌

W −−−−−−−−−−−−
𝑌, 𝑍 ⊢ 𝑌

∧• −−−−−−−−−−−−−−
𝑌 ∧ 𝑍 ⊢ 𝑌

∀• −−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ 𝑌

∀◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ ∀𝑌 .𝑌

AX −−−−−−−−
𝑍 ⊢ 𝑍

W −−−−−−−−−−−−
𝐴, 𝑍 ⊢ 𝑍

∧• −−−−−−−−−−−−−−−
𝐴 ∧ 𝑍 ⊢ 𝑍

∀• −−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ 𝑍
−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ 𝑍

∧◦ −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍),∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍

C −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
∀𝑋.(𝑋 ∧ 𝑍) ⊢ (∀𝑌 .𝑌 ) ∧ 𝑍

875
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{{
AX −−−−−−−−

𝐴 ⊢ 𝐴

}}
=

AX

𝐴• 𝐴◦




−
D1





Γ ⊢ 𝐶

W −−−−−−−−−−−−
𝐴, Γ ⊢ 𝐶


 =

W

𝐴• Γ• 𝐶◦

{{D1}}{{D1}}



−
D1





Γ ⊢ 𝐴

∀◦ −−−−−−−−−−−−−−
Γ ⊢ ∀𝑋.𝐴


 =

𝐴◦

∀◦𝑋

Γ• ∀𝑋.𝐴◦

{{D1}}{{D1}}




−
D1





Γ ⊢ 𝐴

−
D2





Δ ⊢ 𝐵

∧◦ −−−−−−−−−−−−−−−−−−−−−
Γ,Δ ⊢ 𝐴 ∧ 𝐵


 =

𝐴◦ 𝐵◦

∧◦

Γ• 𝐴 ∧ 𝐵◦ Δ•

{{D1}}{{D1}} {{D2}}{{D2}} 


−
D1





Γ, 𝐴 ⊢ 𝐵

→◦ −−−−−−−−−−−−−−−−−
Γ ⊢ 𝐴→ 𝐵


 =

𝐴• 𝐵◦

→◦

Γ• 𝐴→ 𝐵◦

{{D1}}{{D1}}




−
D1





Γ, 𝐴, 𝐵 ⊢ 𝐶

∧• −−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ∧ 𝐵 ⊢ 𝐶


 =

W

Γ• 𝐴 ∧ 𝐵• 𝐶◦

𝜋1𝜋1

if 𝐴• and 𝐵• are conclusions of W-gates 𝔤𝐴 and 𝔤𝐵 in {{D1}}
where

𝜋1 is the canonical proof net obtained by
removing 𝔤𝐴 and 𝔤𝐵 and their conclusions from {{D1}}

or

𝐴• 𝐵•

∧•

Γ• 𝐴 ∧ 𝐵• 𝐶◦

{{D1}}{{D1}}

otherwise




−
D1





Γ, 𝐴 {𝑋 ←� 𝐵} ⊢ 𝐶

∀• −−−−−−−−−−−−−−−−−−−−−−−−−−−−
Γ,∀𝑋.𝐴 ⊢ 𝐶


 =

W

Γ• ∀𝑋.𝐴• 𝐶◦

𝜋1𝜋1

if 𝐴 {𝑋 ←� 𝐵}• is the conclusion of a W-gate 𝔤 in {{D1}}where
𝜋1 is the canonical proof net obtained by
removing 𝔤 and its conclusion from {{D1}}

or

𝐴 {𝑋 ←� 𝐵}•

∀•𝑋

Γ• ∀𝑋.𝐴• 𝐶◦

{{D1}}{{D1}}

otherwise




−
D1





𝐴1, . . . 𝐴𝑛 ⊢ 𝐴

−
D2





𝐵,Δ ⊢ 𝐶

→• −−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
𝐴1, . . . 𝐴𝑛, 𝐴→ 𝐵,Δ ⊢ 𝐶


 =

W W W

𝐴•1 𝐴•𝑛 𝐴→ 𝐵• Δ• 𝐶◦

𝜋2𝜋2

if 𝐵• is the conclusion of a W-gate 𝔤 in {{D1}}where
𝜋2 is the canonical proof net obtained by
removing 𝔤 and its conclusion from {{D1}}

or

𝐴◦ 𝐵•

→•

𝐴•1 · · · 𝐴•𝑛 𝐴→ 𝐵• Δ• 𝐶◦

{{D1}}{{D1}} {{D2}}{{D2}}

otherwise




−
D1





Γ, 𝐴0, 𝐴1 ⊢ 𝐶

C −−−−−−−−−−−−−−−−−−−−
Γ, 𝐴 ⊢ 𝐶


 =

𝐴2• · · · 𝐴𝑘• 𝐴𝑘+1• · · · 𝐴𝑛•

C

Γ• 𝐴• 𝐶◦

𝜋1𝜋1

if 𝐴0• and 𝐴1• are conclusions of C-gates 𝔤0 and 𝔤1 in {{D1}}
with premises 𝐴2•, . . . , 𝐴𝑘• and 𝐴𝑘+1•, . . . , 𝐴𝑛• respectively

where
𝜋1 is the canonical proof net obtained by removing

𝔤0 and 𝔤1 and their conclusions from {{D1}}

or Γ• 𝐴𝑖• 𝐶◦

{{D1}}{{D1}}

if 𝐴(𝑖−1)• is the conclusion
of a W-gate

or

𝐴0• 𝐴1•

C

Γ• 𝐴• 𝐶◦

{{D1}}{{D1}}

otherwise

Figure 10 Direct translation of LJ2 derivations to canonical proof nets. Cases for the translation
of the C-rule where only one of the two 𝐴𝑖• is conclusion of a C-gate are omitted, but they are similar
to the leftmost case.
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